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Abstract 

The superstring theory in the light-cone gauge admits various gauge symmetries. 
Therefore, we gauge the superstring sigma model in the light-cone gauge under the 
gauge group SU{4). Some properties of the gauged action and the corresponding 
current will be studied. Besides, two modified actions for the superstring will be 
obtained. 
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1 Introduction 



The gauged actions in the string theory have been studied from the various point of view. 
The worldsheet gauge fields have been the object of several investigations and they can be 
introduced in the various string models [1]-[15]. In other words, the worldsheet gauge fields 
provide a concise Lagrangian formulation of different string models. The two-dimensional 
SU(N) Yang-Mills theory is part of these models [16]- [23]. 

Previously we studied the superstring theory in the presence of a U(l) worldsheet gauge 
field [15]. Here our attention is on the non-Abelian case. For this, we consider the superstring 
sigma model in the light-cone gauge. This theory admits a global 5*0(8) C 50(1,9) invari- 
ance. One can obviously consider the embedding SU(A) C 50(8). Therefore, we gauge this 
theory under the gauge group SU(4), which is a subgroup of the transversal 50(8) group. 

We treat the worldsheet gauge field as an independent degree of freedom. In addition, 
we impose the complex structure in the target space. The string coordinates form a four- 
component complex field, which obeys the gauged Klein-Gordon action. In the same way, the 
fermionic degrees of freedom form an eight-component complex spinor field. This extended 
spinor field obeys the Dirac action with special operator. However, we shall study some 
properties of the gauged action and the current associated to the gauge symmetry. We use 
this gauging to modify the superstring action. Therefore, we obtain a modified action and 
an effective action for the superstring. 

This paper is organized as follows. In section 2, the superstring action in terms of 
extended variables, appropriate for the SU(4) gauge symmetry, will be given. In section 3, 
this action under the group SU (4) will be gauged. In section 4, two modified actions for the 
superstring will be obtained. Section 5 is devoted to the conclusions. 



2 The superstring action in terms of the complex fields 



The superstring theory in the light-cone gauge is described by 8 scalars (describing the 
spacetime coordinates) and 8 Majorana spinors (describing their fermionic partners) on the 
worldsheet. The corresponding action is 
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where I G {1, 2, 8} and a, (3 <E {0, 1}. The worldsheet metric is r) a p = diag(—l, 1). In the 
Majorana basis, the matrices p° and p 1 are 



P° = 



-i 

1 



% 

1 



(2) 



This action obviously has the global ,50(8) symmetry. 

We build the following complex variable from the string coordinates 



Y = 



( X 1 + iX 2 \ 
X 3 + %X^ 
X 5 + iX 6 
\X 7 + tX s J 



(3) 



Let if) 1 



4>i 
4>l 



denote a spinor field of the worldsheet. Thus, in the same way, these 



fermionic fields also define the variables 



( ip± + ii)± \ 



(4) 



In terms of these extended variables, the action (1) takes the form 
S' = / d 2 a[d a Y^d a Y - 2i{yld+^- + *t 

VKOC J 



(5) 



where <9± = \{d T ± So-). This form of the action enables us to study its SU(A) gauge 
symmetry. 

Consider the matrix U £ SU (4) and let U be independent of the worldsheet coordinates 
a and r. Therefore, under the global SU(A) transformations 



Y — > UY, 

^_ — > 

^+ — > UV+, 



(6) 



the action S' is invariant. 
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3 The gauged action 



Now we introduce local vector gauge symmetry by adding a two-dimensional gauge field 
as worldsheet dynamical degree of freedom. In other words, we deform the action (5) to 
obtain the local SU(A) gauge symmetry. Thus, we consider the transformations (6) with the 
coordinate-dependent U, 

U(a,r) = e iXai<7 ' T)T \ (7) 

where {T a \a = 1,2, ...,15} are generators and {A a (er, r)\a = 1,2, ...,15} are local parame- 
ters of the group SU(A). This implies replacement of the derivative d a with the covariant 
derivative D a , 

d a ^D a = I ix4 d a + igA a = h xi d a + igA a a T a . (8) 

The gauge field A a is a 4 x 4 Hermitean matrix which lives in the string worldsheet, and 
g is the corresponding coupling constant. According to (8) we should also do the following 
replacements 

d±^D ± = I 4x4 d± + igA ± , (9) 

where A± = \{A Q ± A x ). 

Adding all these together, we obtain the gauged action 

gauged = / d 2 a[(D a Y)^D a Y - 2<(*Ll> + *_ + ¥ + D^ + ) + na'F^Ff}. (10) 

The field strength of A^ is 

= d a A} - d p A a a - gf\ c A b a A% (11) 

where {f a bc } are structure constants of the Lie algebra corresponding to the group SU(A). 
Since the worldsheet gauge field A a has been treated as an independent degree of freedom 
(i.e., it is not pull-back of a spacetime gauge field on the worldsheet) we introduced its 
kinetic term in (10). The action (10) under the transformations (6) with the local SU(A) 
matrix (7), and the gauge transformation 

K^K- ~ g daX a - f\ c X b A c a , (12) 

is symmetric. 
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3.1 A new form for the gauged action 

Define the 8-component complex spinor ^ as in the following 

*=(£)■ (13) 

Thus, we obtain 

2(^_A + ^_ + $>lA_^ + ) = ^p a <g> A a ^, (14) 

where ^ is defined by 

* = &P°®hx4, (15) 

in which J 4x4 is the 4x4 unit matrix. In the same way, the other fermionic terms in (10) 
also can be written as 

2(# f _d+*_ + = $/p a <g> / 4 x4<9 a ^. (16) 

In our notation, the direct product of any two matrices P 2 x2 and (^4x4 is defined by 

P=( P ' " 2 ) , P®Q=( PlQ n (17) 

V P3 Pa J V J 

which is a 8 x 8 matrix. 

Introducing Eqs. (14) and (16) into the action (10) gives an elegant form for the gauged 
action 

gauged = J d 2 a[(D a YyD a Y - Mp a ® D a V + na'F^Ff}. (18) 

The eight Majorana spinors of the worldsheet form one Dirac spinor with eight components. 
The action of this spinor has the feature of the Dirac action with the special operator p a ®D a . 

3.2 The equations of motion 

The equation of motion of the extended variable Y, extracted from the action (18), is 

D a D a Y = 0. (19) 

According to the definition of Y, this equation leads to the equations of motion of the string 
coordinates {J\" J (cr, r)}. 
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For the worldsheet gauge field A a the equation of motion is 

{D p F^) a = -^—{i\Y^T a D a Y - (D a Y)^T a Y] - Vp a ® T a V). (20) 
47ra 

For a field which transforms as the adjoint representation of SU (4) the covariant derivative 
is D a = d a + ig[A a , ]. Therefore, the left-hand-side of (20) is 

(DpF af3 ) a = dpF? - gfabcA^Ff. (21) 

Finally, the equation of motion of the extended fermionic field \& is 

p a <g> D a ^> = 0. (22) 

This equation is decomposed into the equations of motion of the components of the world- 
sheet fermions, i.e. {ip^cr, r)}. 

3.3 The corresponding current 

We have the transformations (6) with the local matrix (7), and also the transformation (12). 
The fermionic parts of (6) can be written as 

* — > hx2 ® e iXa{a > T)Ta y. (23) 

Thus, the infinitesimal transformations of Y, * and A a a are 

SY = i\ a T a Y, 

5V = U a I 2x2 <g> T a V, 

SA a a = -- g (D a X) a = -- g d a \ a - f a bc X b A c a . (24) 

Introducing these transformations into the variation of the action (18) gives the current 

J a = -^—Xi[Y ] T a D a Y - {D a Y)^T a Y\ - * p a ® T a V). (25) 

This is a Hermitean current. 

According to the current (25), Eq. (20) takes the form (D^F a ^) a = J". This implies that 
the current J a = J^T a transforms covariantly under the gauge group SU(4). Therefore, by 
the equations of motion, it is a covariantly constant quantity 

D a J a = d a J a + ig[A a , J a ] = 0. (26) 
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3.3.1 The current due to the global gauge symmetry 

The current (25) can be decomposed as in the following 

J2 = J { a )a - £^A%Y*{T a , T b }Y, (27) 

where 

J< 0)Q = -^-[i(Y^T a d a Y - d a Y^T a Y) - typ a <g> T a % (28) 
Ana 

is the current J° in terms of A a = 0. 

Now consider the action (18) with A a = 0, 

Su„- g au g cd = / d 2 a(d a Y^d a Y - i^p a ® h^d^). (29) 

This is the un-gauged action (5), which is symmetric under the global SU(4) transformations 
(6). The current, associated to this global symmetry, is given by J^ Q . In this case the 
conservation law is d a J^ a = 0. For showing this, use the equations of motion (19) and (22) 
with A a = 0, and their Hermitean conjug ates, i.e. d a d a Y^ = and d a ^p a <g> J 4x4 = 0. In 
addition, for the fermionic part apply the identities 

p a <g) T a = (J 2x2 ® T a ){p a ® / 4x4 ) = {p a ® / 4 x4)(/ 2 x2 ® T a ). (30) 

4 Gauge modifications of the superstring action 

In this section we impose the assumption that the kinetic term of the gauge field, in the 
gauged action (18), to be absent. Therefore, we receive the action 

I = S + S U (31) 

where 

Si = — I d 2 a{ig[d a Y^A a Y - Y^A a d a Y - i^p a ® A a <S>} + g 2 Y^A a A a Y}. (32) 

Ana' J 

This implies that A a is an auxiliary field. 
4.1 A modified action 

The equation of motion of A a has been given by (20) without the left-hand-side. Thus, we 
obtain the gauge field as in the following 

A a a = —j~(M~ 1 ) a bjj > °^ a , (33) 
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where the symmetric matrix M is defined by the elements 

M ab = Y^{T a ,T b }Y. (34) 

The equation (33) reveals an explicit relation between string and the SU (4) gauge field. 
According to (33) the action (32) can be written as 



S 



i = Tr/ d 2 aA a J$ y (35) 



This implies that acts as an external current source for the SU(A) gauge field A a . 
Combining (33) and (35) gives 

S " = ^l d 2 aJ a a (M-\ b J ab , (36) 



ra _ 4na' j(0)a 
a g a 

we obtain the action 



where = ^Lj(°) a , This action is independent of the gauge coupling constant g. Finally, 



Modified — S + S". (37) 

In fact, this demonstrates a gauge modification for the superstring action, originated from 
the S'6 r (4)-gauging. 

4.2 An effective action 

By path integration over A a a we obtain an effective action of /, 

e -u eS = J ulUU^DAle-' 1 . (38) 

For computing J e ff, we should introduce the Wick's rotation r — > it. After calculations and 
imposing inverse of the Wick's rotation we receive the effective action as in the following 

I cS = S + S'{ + S 2 + C, (39) 



where S 2 is 



The constant C also is 



-^Tr J cfalnM. (40) 



1 S 

c = --y E in 



{£)• < 4i > 



in which V s is the area of the string worldsheet. In fact, this effective action is another gauge 
modification of the superstring action, due to the SU (4) gauge field. 
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5 Conclusions 



The superstring sigma model in the light-cone gauge enabled us to gauge it under the group 
SU(4). We observed that this action can be written in terms of the four- component and 
eight-component complex variables, which are constructed from the worldsheet fields. 

The fermionic part of the gauged action has the feature of the Dirac action with an 
eight-component complex spinor field and a special matrix-derivative operator. The SU (4) 
worldsheet gauge field couples to this spinor field. 

We demonstrated that this model contains some connections between string and the 
SU (4) gauge field. This enabled us to obtain a modified action for string, due to the SU (4)- 
gauging. Similarly, removing the gauge field through the path integral gave an effective 
action for the string. 

In a similar fashion one can combine the worldsheet fields to obtain the quaternionic and 
or octanionic variables. The former enables us to gauge the action under the group SU (2) 
and the latter provide gauging under the group U(l). 

Note that consideration of two-dimensional gauge field induces a contribution to the 
conformal anomaly and hence changes the critical dimension of the string models. 
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